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I ntroduction, Definitions and Notations

The concept of fuzzy sets and fuzzy set operations Viese introduced by Zadeh [1] in 1965 a
subsequently several authors have discussed vaaspests of the theory and applications of fuzzy |2,
3-4, 9. Zadeh's work continued research and sch extensively studied fuzzy convexity such 6-9, 10,
11-13, 14-16].

Let4 be a nonempty subset of tuniversal seX. Then itsgrade of membershiu,, maps fromX into
{0,1}. The concept of fuzzy sets is a generalization efdidinary setsmapsX into the closed interval
[0,1]defined byA = {(x,u;z(x)) : x € X}. Frequently, we will writeu(x, A) instead ofuz(x) and will
denoted the fuzzy power set by F(X).

Letd, B € F(X). Thend is a superset (B is defined byu(x, 4) = u(x, B), for everyx € X. A fuzzy set
A onR is convex if and only ifu(y, 4) = u(yy, A) Au(y,, 4), wherey = By, + (1 — B)y2, ¥1,72 ER
andg € [0,1].

Letd; € F(X), i €I (I is a nonempty index s. Then the standard fuzzy intersectiond;, N; 4;, is
defined byinf, u(x, 4;) = Ay uz, (x); the standard fuzzy union df, U; 4;, is defined bysup, u(x,4;) =
Vy uz, (x); and the complement ;, =4;, is defined byu(x, =4;) = 1 — u(x, 4;), for all x € X. The
union of a fuzzy sefl; and—A4; should not necessarily give the whX. Also, the intersection betwel;
and its complement4; is not necessarily give the empty

One 6the basic notions of fuzzy subs is the Zadeh'’s extension principle. This extendimst implied
in [1] in an elementary psentation and was finally in [] and [1§ are presented. This principle provide
method for extending crisp mathematical notion$utzy quantities as the aiments of the function. L¢
g:Ay X A, X ..x A, > B given by y = g(a;,a,, ...,a,) and 4; € F(X)for i = 1,2,..n. Here the set
C =g(4,,4,,..,4,) is defined by
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C= {(y,\/ (u(al,ﬁl)/\u(az,ﬁz)/\ .../\u(an,fin))> :y = g(aq,ay, ..., az)and (a, as, ..., a,)

eAlezx...xAn}

Let A’, A" € F(X). If we denote the extended addition and multipioaby Fand*, respectively, then by
the Zadeh'’s principle, one obtains

ulx, AFA") = \/ (y(xl,ﬁ')/\u(xz,ﬁ"))
X1,X2 | x=x1+%,
and
w(x,x, " A") = p(xxzt, A7), x5 > 0.
As a generalization of Zadeh's fuzzy set, the ephof interval valued fuzzy set was presented by
Gorzalczany [19] and introduced for the first titmg Turksen [20]. Lelu(fi, x) and u(x, A) denotes for

lower fuzzy set and upper fuzzy set abefit respectively, then the mappipé):A > [u(4, x),u(x, A)] is
called an interval valued fuzzy set drand frequently we shall call generalized fuzzys séll generalized
fuzzy sets on the universal sétire denoted bgFS(X).

Let u“i € GFS(R). Then ;ﬂ is called generalized convex fuzzy set [21], if Bny x,,x, € Rand
B €[0,1]:= 1[10] we havqxé;xﬁ(l_ﬁ)xz) > uél)/\ ,u(A;Z). Equivalently,u“I is a generalized convex fuzzy set

if and only if its lower fuzzy set and upper fuzst abouy*‘~ are convex fuzzy set.

Let ;ﬂeGFS(X)and ﬂl,ﬂzel[lo]. We define +M§31,ﬁ2] and _M(Aﬁpﬁz)' respectively, as the

crisp set of all elements of the universal Xethat belongs to lower fuzzy set abquf at least to
the degreeB; and upper fuzzy set abo;ut‘T at least to the degre@,; the ordinary set that contains
all elements of the universal set whose memberghgues in the given lower set are greater than
but do not include the specified value gf and membership grades in the given upper set are
greater than but do not include the specified valy®,.
Main Results

This section, gives results concerning geimzdlfuzzy sets, fuzzy convex sets, and relateidgop

Definition 1:Let yﬁ € GFS(R). Thenu?~ is called a generalized strongly convex fuzzyifset

“ZLM(l—u)y) > [“(f' /1)/\”(7?' ]/),u(l, F)Nuly, 7?)]

for every(A = y) 1,y € +u[f,] andu € 1(13

Definition 2:Let yﬁ € GFS(R). Thenu?~ is called a generalized semistrongly convex flszeyif
H:(FI,LA+(1—#))/) > [H(ﬁ: A)/\H(j}' V); H(A: :ﬁ‘)/\#(y' f‘)]

for everyl,y € +;1[?0], w(F,2) = u(Fy), (A F) # u(y,F) andu € 1(13.

f‘

Theorem 3:Let u ,;15 € GFS(R). If uf andué are both generalized strongly convex fuzzy setp(re

generalized convex fuzzy set), then standard fuzeysection oﬁﬁ~ andyé is generalized strongly convex
fuzzy set (resp. generalized convex fuzzy set).
Proof: We will prove only for the part that® andué are both generalized strongly convex fuzzy set.

Assume there existsl # y) 1,y € +u[f,']"@and,u € 1(13 By hypothesis, we have

WG oy = [(F NG+ (1 = py), u(ur + (1 — Wy, FnG)]
this implies that
W amwy > [0(F 2+ (= wy)Au(G p2 + (1= @y ), u(pAd + (1 = Wy, F)Au(ua + (1 — 1wy, G)]
from strongly convex definition we get
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B8 oy > [F DA, ) N(G D) A(G ), (A, F) ey, F)Au(2, G)Aus(y, G)]

Finally, the result follows from the equality

[1(F, )Au(G, )Au(F,y)Au(Gov), (A, FY)Au(2, G)Auly, F)Au(y, G))

= [W(Fn G D)A(F nG,y),u,F nG)Auly,F nG)]

Remark 4: Let uTi € GFS(R)be any family of generalized strongly convex fuzst (resp. generalized
convex fuzzy set) for all € I, wherel is a nonempty index set. Then standard fuzzysiat&'ron,unie’fi, is
a generalized strongly convex fuzzy set (resp. igdized convex fuzzy set) dR.
Remark 5:Let /ﬁ,ué €EGFS(R). If uﬁ and ué are generalized semistrongly convex fuzzy setn the

standard fuzzy intersection mf anduG~ is not necessarily a generalized semistrongly errfuzzy set.
Furthermore, the standard fuzzy intersection omitely generalized semistrongly convex fuzzy sehot
necessarily a generalized semistrongly convex fsetyThe following example covers the remark;

0.3, when £ =0
u(F, &) = {0.5, when & =1
1.0, when £ #0and ¢ # 1
0.1, when & = —1
1(¢,F) =40, when & =1
1.0, when £ # —land & # 1
0.3, when & =1
u(G,¢) = {0.5, when & =2
1.0, when & # 1and & # 2
0.1, when ¢ = -2
,u(f, G) = {0.6, when & =2
1.0, when & # 2and & # -2

It is easy to verify that fat = 0, y = 2 andu = 0.5, we have

Hauksa-wy) = [03,0.6] = ugh” Ay
Theorem 6: Let u* € GFS(R) be a generalized convex fuzzy set. If there ex’tstsl(lg for every (4 #
V) Ay € *ufy implies that

ug;'[l+(1—n:)y) > [M(jz'r /‘l)/\#(ﬁ: V); /.l(/L jz')/\l't(yr jf')]’
thernu” is generalized strongly convex fuzzy setRin
Proof:By way of contradiction, assume that there exists y) 4,y € +,ufz], aE 1(13 for which

Harsa-my) < [H(F DM(F,y), (A F)Au(y, F)]
On the other hand we have,

llg;a+(1—a)y) = l‘(TA)/\ '“:5/)

So that,

Warr-ayy) = [(F DNu(F, v), A F)Nuly, F)]
Letv € I') such thaw = v + (1 —m)vandA =vA+ (1 —v)y =y. Since u© € GFS(R) is a generalized

©
convex fuzzy set, we can get
w(F,2) =pu(Fva+ @ —-v)y) =2 w(FED)AuFy) =uw(F v+ QA =v)y)Ap(Fvi+ (1 -v)y)
=u(Fvai+ @ -v)y)
and
t(r,F) =pu(va+ QA =)y, F) =2 u(ALF) Au(y,F) =u(vi+ A —-v)y,F) Au(vi+ (1 —v)y, F)
=u(vi+ (1 -y, F)
and
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w(Fy) =u(Fva+Q-v)y) = w(F ) AuFy) =uw(Fv2+ QA =v)y) Au(Fvi+ 1 -v)y)
=u(Fvai+ 1 -v)y)
and
p(AF) =pu(va+ QA =)y, F) =2 u(ALF) Au(y,F) =u(va+ A -v)y,F)Au(vi+ 1 —v)y,F)
=u(vi+ (1 -w)y,F)
By a simple calculationon the equationsy,df, andy defined above, we obtaj(uf", al+ (1 —a)y) =
p(Frr+ @A -my)and plad+ (1 - )y, F) =pu(nd+ (1 —n)y,F). So, the inequality of the
theoremgives that
“&M(l—a)y) = #{%Am—n)y)
> [W(Fva+ A —-v)y) Au(Fva+ A -v)y),u(vi+ 1 -v)y,F)
Au(va+ (1 =)y, F)|
> [(u(® ) A7) A (1(F ) Au(F 7)), (1L F) Ay, F))

A (u(l, F)nu(y, 17:"))]
Hence,
:u(gjxl+(1—a)y) > [M(jz'r /‘l)/\#(f: V); H(/L jz')/\l't(yr f‘)]
Theorem 7: Let u* € GFS(R)be a generalized semistrongly convex fuzzy sethdfe existu € 1(13 for

every(A =y) 1,y € +,u[f,] implies that

Wy > [(FE D)A(F,y), w, F)Auly, 7)),

themﬂE is a generalized strongly convex fuzzy seffon
Proof: The proof is divided into four cases,
Case L.Ifu(F,2) # u(F,y), u(LF) # u(y,F) for every(A = y) L,y € +;1[T;)],then the proof is quickly
follows from the hypothesis.
Case 2.Ifu(F,1) = u(F,y), (A, F) = u(y,F) for every(A = y) A,y € +y{;]. From the hypothesis, we
have

uw(Fur+ @ —py) > u(F 1)
and

u(pr + (1 =@y, F) > u(y, F)
Assume thad + (1 — w)y = £ and i is any number im(lo), then we have three subcases

Subcase 1. i < u, then for some € 1(13 we have
w(F 92+ (1 —9)y) = u(F, o1+ (1 — o)) > u(F, )Au(F, )
= w(FD)Au(F, pr + (1 — wy) > u(F, 1) = u(F, )Au(F,y)
and
(1 + @A =9y, F) = ulor+ (1 — o), F) > u(A, F)Au(t, F)
= pu(A, F)Au(pd + 1 — wy, F) > u(A, F)Au(y, F)
Subcase 2. i > u, then for somé € 1(13 we have
w(F 90+ A =9)y) = u(F, 0t + (1 —0)y) > u(F, £)Au(F,y)
= u(Fud + (1 — wy)\u(F,v) > u(F, )Au(F,y)
and
p(O2+ A -9y, F) = (ot + (1 — o)y, F) > u(e, F)Au(y, F)

= u(pr+ A -y, F)Au(y, F) > u(y, F) = u(2, F)Au(y, F)
Subcase 3. i = u, then the proof is trivial.
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Case 3.1fu(F, 1) # u(F,v), u(4,F) = u(y,F) for every(A # y) A,y € +y{;]. From the hypothesis of the
theorem, lower fuzzy set abouf" is a strongly convex fuzzy set and from the argunuoé case 2, upper
fuzzy set abouﬁzﬂE is a strongly convex fuzzy set.

Case 4.1fu(F,2) = u(F,y), w(L,F) # u(y, F) for every(A = y) 4,y € +M§)]- From the results of case 2,

lower fuzzy set aboulf is a strongly convex fuzzy set and from the hypsit, upper fuzzy set abqu? is
a strongly convex fuzzy set.

Theorem 8: Let ;ff € GFS(R) be a generalized semistrongly convex fuzzy seﬁ;dfﬁl’ﬁz] is closed for
every(By,52) € 1[10] X 1[10] thenyﬂE is a generalized convex fuzzy set®n
Proof: For everyl,y € +Hfz] we have four cases:
Case 1.Iu(F,2) # u(F,y), u(A, F) # u(y, F), then the proof is trivial.
Case 2. Ifu(F, 1) = u(F,y)and u(2, F) = u(y, F). Assume that, there exisse 1[10] such that fors2 +
1-8&€)y=A
ulyy < [W(F D)Au(Fy), 1w, F)Au(y, F)]
= [#(F,2), 12, )]
= [u(F,v) u@y, P)]
This implies that, for any € 1[10]
Hoar-oyny > [H(F, A)Au(F, 8), u(2, F)Au(a, F)]
= [u(F,2),u(8,5)]
SinceuT is a generalized closed fuzzy set, there exist 1O] such that fovA + (1 —v)A= w,
[1(F, 8), u(A, )] < plyy < [(Fov), uly, F)]
From this inequality and the semistrong convexity®. LetA= nw + (1 — 1)y for somen € 1[1], we get
Heey > [1(F @) Na(Fv), (o0, F)Auly, F)] > uiey
Case 3.fu(F, 1) = u(F,v), u(A, F) # u(y, F). From the argument of case two, lower fuzzy seusap”

is a convex fuzzy set and from the hypothesis eftlieorem, upper fuzzy set ab@aft is also a convex
fuzzy set.

Case 4.Iiu(F, 1) # u(F,v), (4, F) = u(y, F). From the hypothesis, lower fuzzy set aboltis a convex
fuzzy set and from the results of case two, uppzezyf set abowzf}E is also a convex fuzzy set.

Theorem 9: Let u* € GFS(R) and +u§31132] is closed for everyp;, ;) € 1[10] X 1[10]

. If there existq € 1[10]
for everyl,y € +,ufz], w(F,2) = u(F,y), ud,F) # u(y,F) implies that

ﬂalﬂl—u)y) > [/.l(f, A)/\M(j}' V)' /.l(/L jz')/\ﬂ(]/r f‘)]’
theru” is a generalized convex fuzzy set®n
Proof: Assume that, there exigff € +,ufz] ande € 1[10] for which

Heara-op) < [1(F Q) Au(F, B), (@, FYNu(B, F)]
In case ofu(F,a) # u(F,B),u(a, F) # u(B,F) with the hypothesis we get a contradiction. Sa,tha
w(F, a) = u(F,B), u(a, F) = u(B, F) implies that

[W(F ea + (1 —e)B), u(ea + (1 — )B, F)] < “:(Fﬁ)
Let (0,7) € 1[10]_5 X 1[%5] such thatd = ga + 76 and ¢ = ta + o wheresg = (1+p) tand = u(1 +
WL Implies thatug + (1 — w)a = Aandud + (1 — w)B = ¢. Then
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[W(F up + A — wa), u(up + (1 — wa, F)] > uly) A iy
_,F F
= Ho+-wp) N M)
> o) A gy N e
_,F F
= Hup+a-wa) M)
—_ ,F A F
= Hup+(1-wa) M e
F F
] ] Z Hlpp+1-wa) N Mup+a-wa)
This implies thalif,. 4 1 ya) > Hlup+—wa) & CONtradiction.
In case ofu(F,a) # u(F,B) and u(a, F) = u(B,F) or u(F,a) = u(F,B)and u(a, F) # u(B,F). The
above argument is repeated so it is omitted.
Theorem 10:1fu* € GFS(R), then u* is generalized strongly convex fuzzy set (respnegelized

semistrongly convex fuzzy set) if and only if lowkeizzy set and upper fuzzy set abgurft are strongly
convex fuzzy set (resp. semistrongly convex fuzty.s
Proof: The proof follows from the fact that

#ZM&(I—#)}/) = [ll(js'. pA+ (1 — M)V):H(#A + (1= wy, ﬁ)]
Theorem 11: Let u” € GFS(R) is generalized strongly convex fuzzy set. If thexéstsu € 1(13 for every
Ay € Tufo, u(F, 1) # u(F,y), u(A, F) # u(y, F) implies that

o) > [HEFDM(F,v), w2, )My, )],
themTt is a generalized semistrongly convex fuzzy seRon
Proof: It is easy to see that generalized strongly corfiepzy set is generalized convex fuzzy set.
So the result follows immediately from the argumeftheorem 10.
Remark 12: From the relation ofr-cut and definition of fuzzy convex set. One camdgtstrong relations

among generalized strongly convex fuzzy sets, gdized semistrongly convex fuzzy seﬂ'&;fﬁl_ﬁz], and

_#E4ﬁ1rﬁz)'
Conclusion

In this paper, we defineda new version of fuzzywexity such as generalized convex fuzzy sets,
generalized strongly convex fuzzy sets, and gezedhlsemistrongly convex fuzzy sets and found some
important connections among them.Also, the intdisea@nd union operations on them are illustrated a
examples are given for the validity of the decisidvie have demonstrated some conditions for which
generalized convex fuzzy sets become generalizetissengly convex fuzzy sets and found a simpler
condition for vice versa. Furthermore, we decladdtions between generalized semistrongly conuexyf
sets and generalized strongly convex fuzzy setd, some conditions for which generalized fuzzy sets
become generalized convex fuzzy setsare givenallizirwe presented relationship between these aessi
of fuzzy convexity withthe lower and upper fuzzysse
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