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Introduction, Definitions and Notations
     The concept of fuzzy sets and fuzzy set operations were first introduced by Zadeh [1] in 1965 and 
subsequently several authors have discussed various aspects of the theory and applications of fuzzy sets [
3-4, 5]. Zadeh’s work continued research and scholars
11-13, 14-16]. 
     Let � be a nonempty subset of the �0, 1�. The concept of fuzzy sets is a generalization of the ordinary sets, �0,1�defined by �	 
 ���, 
������ �  
denoted the fuzzy power set on �by 

     Let�	, �� � ����. Then �	 is a superset of 

�	 on � is convex if and only if 
�
and � � �0,1�. 
     Let�	� � ����, � � � (� is a nonempty index set)

defined by ���� 
��, �	� 
 !� 
��" �
#� 
��" ���; and the complement of 

union of a fuzzy set �	� and $�	� should not necessarily give the whole 
and its complement $�	� is not necessarily give the empty set.
     One of the basic notions of fuzzy subsets
in [1] in an elementary presentation and was finally in [17
method for extending crisp mathematical notions to fuzzy quantities as the argu%: �' ( �) ( … ( �+ , � given by -	 
 %��	', �	), … , �	+� is defined by 
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nd Notations 
concept of fuzzy sets and fuzzy set operations were first introduced by Zadeh [1] in 1965 and 

subsequently several authors have discussed various aspects of the theory and applications of fuzzy sets [
]. Zadeh’s work continued research and scholars extensively studied fuzzy convexity such as [

be a nonempty subset of the universal set �. Then its grade of membership, 
The concept of fuzzy sets is a generalization of the ordinary sets, maps � �  � � ��. Frequently, we will write 
��, �	  instead of 

by ����.  

is a superset of ��  is defined by 
��, �	 . 
��, �� , for every 

�/, �	 . 
�/', �	 0 
�/), �	 , where / 
 �/' 1
is a nonempty index set). Then the standard fuzzy intersection of ��; the standard fuzzy union of �	�, 2 �	�� , is defined by 

; and the complement of �	�, $�	�, is defined by 
��, $�	� 
 1 3 
��,	 should not necessarily give the whole �. Also, the intersection between 
is not necessarily give the empty set. 

f the basic notions of fuzzy subsets is the Zadeh’s extension principle. This extension first implied 
sentation and was finally in [17] and [18] are presented. This principle provides a 

method for extending crisp mathematical notions to fuzzy quantities as the arguments of the function. Let 
given by / 
 %�4', 4), … , 4+� and �	� � �����for � 
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concept of fuzzy sets and fuzzy set operations were first introduced by Zadeh [1] in 1965 and 
subsequently several authors have discussed various aspects of the theory and applications of fuzzy sets [2, 

extensively studied fuzzy convexity such as [6-9, 10, 

grade of membership, 
�, maps from � into 
 into the closed interval 	 instead of 
����� and will 

 , for every � � �. A fuzzy set 

�1 3 ��/),   /', /) � � 

. Then the standard fuzzy intersection of �	�, 5 �	�� , is 

, is defined by 678� 
��, �	� 

� �	� , for all � � �. The 

. Also, the intersection between �	� 

is the Zadeh’s extension principle. This extension first implied 
] are presented. This principle provides a 

ments of the function. Let 
 1,2, … �. Here the set 
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-	 
 :;/, < =
�4', �	' ⋀
�4), �	) ⋀ … ⋀
�4+, �	+ >? : / = %�4', 4), … , 4+�and �4', 4), … , 4+�
∈ �' × �) × … × �+C 

Let �	D, �	DD ∈ ℱ���. If we denote the extended addition and multiplication by +Eand ⋅̃, respectively, then by 
the Zadeh’s principle, one obtains 


��, �	D+E�	DD = < =
��', �	D ⋀
��), �	D′ >
�I,�J | �L�IM�J

 

and 
��, �) ⋅̃ �	DD = 
���)N', �	DD , �) > 0. 
 As a generalization of Zadeh’s fuzzy set, the concept of interval valued fuzzy set was presented by 

Gorzalczany [19] and introduced for the first time by Turksen [20]. Let 
��	, �  and 
��, �	� denotes for 

lower fuzzy set and upper fuzzy set about 
�� , respectively, then the mapping 
����� : � → Q
��	, � , 
��, �	�R is 

called an interval valued fuzzy set on � and frequently we shall call generalized fuzzy sets. All generalized 
fuzzy sets on the universal set � are denoted by STU���. 

 Let 
�� ∈ STU�ℛ�. Then 
��  is called generalized convex fuzzy set [21], if for any �', �) ∈ ℛand 

� ∈ �0,1� ≔ ��W'�, we have 
�X�IM�'NX��J��� ≥ 
��I��� ⋀ 
��J��� . Equivalently, 
��  is a generalized convex fuzzy set 

if and only if its lower fuzzy set and upper fuzzy set about 
��  are convex fuzzy set. 

 Let 
�� ∈ STU���and �', �) ∈ ��W'�. We define 
M �XI,XJ���  and 
N �XI,XJ��� , respectively, as the 

crisp set of all elements of the universal set � that belongs to lower fuzzy set about 
��  at least to 

the degree �' and upper fuzzy set about 
��  at least to the degree �); the ordinary set that contains 
all elements of the universal set whose membership grades in the given lower set are greater than 
but do not include the specified value of �' and membership grades in the given upper set are 
greater than but do not include the specified value of �). 

Main Results 
     This section, gives results concerning generalized fuzzy sets, fuzzy convex sets, and related topics. 

Definition 1:Let 
ℱ� ∈ STU�ℛ�. Then 
ℱ�  is called a generalized strongly convex fuzzy set if  


�YZM�'NY�[�ℱ� > Q
�ℱ�, \ ⋀
�ℱ�, ] , 
�\, ℱ��⋀
�], ℱ��R 
for every �\ ≠ ]� \, ] ∈ 
M �W�ℱ�  and 
 ∈ ��W'�. 
Definition 2:Let 
ℱ� ∈ STU�ℛ�. Then 
ℱ�  is called a generalized semistrongly convex fuzzy set if  


�YZM�'NY�[�ℱ� > Q
�ℱ�, \ ⋀
�ℱ�, ] , 
�\, ℱ��⋀
�], ℱ��R 
for every \, ] ∈ 
M �W�ℱ� , 
�ℱ�, \ ≠ 
�ℱ�, ] , 
�\, ℱ�� ≠ 
�], ℱ�� and 
 ∈ ��W'�. 
Theorem 3:Let 
ℱ� , 
_� ∈ STU�ℛ�. If 
ℱ�  and 
_�  are both generalized strongly convex fuzzy set (resp. 

generalized convex fuzzy set), then standard fuzzy intersection of 
ℱ�  and 
_�  is generalized strongly convex 
fuzzy set (resp. generalized convex fuzzy set).  

Proof: We will prove only for the part that 
ℱ�  and 
_�  are both generalized strongly convex fuzzy set. 

Assume there exists �\ ≠ ]� \, ] ∈ 
M �W�ℱ�∩_�and 
 ∈ ��W'�. By hypothesis, we have 


�YZM�'NY�[�ℱ�∩_� = Q
�ℱ� ∩ S�, 
\ + �1 − 
�] , 
�
\ + �1 − 
�], ℱ� ∩ S� R 
this implies that 


�YZM�'NY�[�ℱ�∩_� > Q
�ℱ�, 
\ + �1 − 
�] ⋀
�S�, 
\ + �1 − 
�] , 
�
\ + �1 − 
�], ℱ� ⋀
�
\ + �1 − 
�], S� R 
from strongly convex definition we get 
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�YZM�'NY�[�ℱ�∩_� > Q
�ℱ�, \ ⋀
�ℱ�, ] ⋀
�S�, \ ⋀
�S�, ] , 
�\, ℱ� ⋀
�], T� ⋀
�\, S� ⋀
�], S� R 
Finally, the result follows from the equality Q
�ℱ�, \ ⋀
�S�, \ ⋀
�ℱ�, ] ⋀
�S�, ] , 
�\, ℱ� ⋀
�\, S� ⋀
�], T� ⋀
�], S� R

= Q
�ℱ� ∩ S�, \ ⋀
�ℱ� ∩ S�, ] , 
�\, ℱ� ∩ S��⋀
�], ℱ� ∩ S��R 
Remark 4: Let 
ℱ�" ∈ STU�ℛ�be any family of generalized strongly convex fuzzy set (resp. generalized 

convex fuzzy set) for all � ∈ �, where � is a nonempty index set. Then standard fuzzy intersection, 
5 ℱ�""∈a , is 

a generalized strongly convex fuzzy set (resp. generalized convex fuzzy set) on ℛ. 

Remark 5:Let 
ℱ� , 
_� ∈ STU�ℛ�. If 
ℱ�  and 
_�  are generalized semistrongly convex fuzzy set, then 

standard fuzzy intersection of 
ℱ�  and 
_�  is not necessarily a generalized semistrongly convex fuzzy set. 
Furthermore, the standard fuzzy intersection on infinitely generalized semistrongly convex fuzzy set is not 
necessarily a generalized semistrongly convex fuzzy set. The following example covers the remark; 


�ℱ�, b = :0.3,                             when  b = 00.5,                             when  b = 11.0,         when  b ≠ 0 and b ≠ 1h 

�b, ℱ� = : 0.1,                            when  b = −10.6,                                when  b = 11.0,         when  b ≠ −1 and b ≠ 1h 

�S�, b = :0.3,                             when  b = 10.5,                             when  b = 21.0,         when  b ≠ 1 and b ≠ 2h 


�b, S� = :0.1,                             when  b = −20.6,                                when  b = 21.0,         when  b ≠ 2 and b ≠ −2h 
It is easy to verify that for \ = 0, ] = 2 and 
 = 0.5, we have 


�YZM�'NY�[�ℱ�∩_� = �0.3, 0.6� = 
�Z�ℱ�∩_� ∧ 
�[�ℱ�∩_� 
Theorem 6: Let 
ℱ� ∈ STU�ℛ� be a generalized convex fuzzy set. If there exists j ∈ ��W'� for every �\ ≠
]� \, ] ∈ 
M �W�ℱ�  implies that 


�kZM�'Nk�[�ℱ� > Q
�ℱ�, \ ⋀
�ℱ�, ] , 
�\, ℱ��⋀
�], ℱ��R, 
then
ℱ�  is generalized strongly convex fuzzy set on ℛ. 

Proof:By way of contradiction, assume that there exists �\ ≠ ]� \, ] ∈ 
M �W�ℱ� , l ∈ ��W'� for which  


�mZM�'Nm�[�ℱ� ≤ Q
�ℱ�, \ ⋀
�ℱ�, ] , 
�\, ℱ��⋀
�], ℱ��R 
On the other hand we have, 


�mZM�'Nm�[�ℱ� ≥ 
�Z�ℱ� ⋀ 
�[�ℱ�  

So that, 


�mZM�'Nm�[�ℱ� = Q
�ℱ�, \ ⋀
�ℱ�, ] , 
�\, ℱ��⋀
�], ℱ��R 
Let o ∈ ��W'� such that l = jo + �1 − j�oand \ = o\ + �1 − o�] = ]. Since  
ℱ� ∈ STU�ℛ� is a generalized 

convex fuzzy set, we can get 
�ℱ�, \ = 
�ℱ�, o\ + �1 − o�] ≥ 
�ℱ�, \ ∧ 
�ℱ�, ] = 
�ℱ�, o\ + �1 − o�] ∧ 
�ℱ�, o\ + �1 − o�] 
= 
�ℱ�, o\ + �1 − o�]  

and 
�], ℱ� = 
�o\ + �1 − o�], ℱ� ≥ 
�\, ℱ� ∧ 
�], ℱ� = 
�o\ + �1 − o�], ℱ� ∧ 
�o\ + �1 − o�], ℱ� 
= 
�o\ + �1 − o�], ℱ�  

and 
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�ℱ�, ] = 
�ℱ�, o\ + �1 − o�] ≥ 
�ℱ�, \ ∧ 
�ℱ�, ] = 
�ℱ�, o\ + �1 − o�] ∧ 
�ℱ�, o\ + �1 − o�] 
= 
�ℱ�, o\ + �1 − o�]  

and 
�\, ℱ� = 
�o\ + �1 − o�], ℱ� ≥ 
�\, ℱ� ∧ 
�], ℱ� = 
�o\ + �1 − o�], ℱ� ∧ 
�o\ + �1 − o�], ℱ� 
= 
�o\ + �1 − o�], ℱ�  

By a simple calculationon the equations ofl, \, and ] defined above, we obtain
�ℱ�, l\ + �1 − l�] =

�ℱ�, j\ + �1 − j�] and 
�l\ + �1 − l�], ℱ� = 
�j\ + �1 − j�], ℱ� . So, the inequality of the 

theoremgives that 


�mZM�'Nm�[�ℱ� = 
�kZM�'Nk�[�ℱ�
> Q
�ℱ�, o\ + �1 − o�] ∧ 
�ℱ�, o\ + �1 − o�] , 
�o\ + �1 − o�], ℱ� 
∧ 
�o\ + �1 − o�], ℱ� R
≥ p=
�ℱ�, \ ∧ 
�ℱ�, ] > ∧ =
�ℱ�, \ ∧ 
�ℱ�, ] > , =
�\, ℱ� ∧ 
�], ℱ� >
∧ =
�\, ℱ� ∧ 
�], ℱ� >q 

Hence,  


�mZM�'Nm�[�ℱ� > Q
�ℱ�, \ ⋀
�ℱ�, ] , 
�\, ℱ��⋀
�], ℱ��R 
Theorem 7: Let 
ℱ� ∈ STU�ℛ�be a generalized semistrongly convex fuzzy set. If there exists 
 ∈ ��W'� for 

every �\ ≠ ]� \, ] ∈ 
M �W�ℱ�  implies that 


�YZM�'NY�[�ℱ� > Q
�ℱ�, \ ⋀
�ℱ�, ] , 
�\, ℱ��⋀
�], ℱ��R, 
then
ℱ�  is a generalized strongly convex fuzzy set on ℛ. 
Proof: The proof is divided into four cases, 

Case 1.If 
�ℱ�, \ ≠ 
�ℱ�, ] , 
�\, ℱ�� ≠ 
�], ℱ�� for every �\ ≠  ]� \, ] ∈ 
M �W�ℱ� ,then the proof is quickly 

follows from the hypothesis. 

Case 2.If 
�ℱ�, \ = 
�ℱ�, ] , 
�\, ℱ� = 
�], ℱ�� for every �\ ≠  ]� \, ] ∈ 
M �W�ℱ� . From the hypothesis, we 

have 
�ℱ�, 
\ + �1 − 
�] > 
�ℱ�, \  

and 
�
\ + �1 − 
�], ℱ� > 
�], ℱ�  

Assume that 
\ + �1 − 
�] = ℓ and ifs is any number in ��W'�, then we have three subcases 

Subcase 1. If s < 
, then for some u ∈ ��W'� we have 


�ℱ�, s\ + �1 − s�] = 
�ℱ�, u\ + �1 − u�ℓ > 
�ℱ�, \ ⋀
�ℱ�, ℓ  

= 
�ℱ�, \ ⋀
�ℱ�, 
\ + �1 − 
�] > 
�ℱ�, \ = 
�ℱ�, \ ⋀
�ℱ�, ]  

and 
�s\ + �1 − s�], ℱ� = 
�u\ + �1 − u�ℓ, ℱ� > 
�\, ℱ� ⋀
�ℓ, ℱ�  

= 
�\, ℱ� ⋀
�
\ + �1 − 
�], ℱ� > 
�\, ℱ� ⋀
�], ℱ�  

Subcase 2. If s > 
, then for some v ∈ ��W'� we have 


�ℱ�, s\ + �1 − s�] = 
�ℱ�, uℓ + �1 − u�] > 
�ℱ�, ℓ ⋀
�ℱ�, ]  

= 
�ℱ�, 
\ + �1 − 
�] ⋀
�ℱ�, ] > 
�ℱ�, \ ⋀
�ℱ�, ]  

and 
�s\ + �1 − s�], ℱ� = 
�uℓ + �1 − u�], ℱ� > 
�ℓ, ℱ� ⋀
�], ℱ�  

= 
�
\ + �1 − 
�], ℱ� ⋀
�], ℱ� > 
�], ℱ� = 
�\, ℱ� ⋀
�], ℱ�  

Subcase 3. If s = 
, then the proof is trivial. 
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Case 3.If 
�ℱ�, \ ≠ 
�ℱ�, ] , 
�\, ℱ� = 
�], ℱ�� for every �\ ≠  ]� \, ] ∈ 
M �W�ℱ� . From the hypothesis of the 

theorem, lower fuzzy set about 
ℱ�  is a strongly convex fuzzy set and from the argument of case 2, upper 

fuzzy set about 
ℱ�  is a strongly convex fuzzy set. 

Case 4.If 
�ℱ�, \ = 
�ℱ�, ] , 
�\, ℱ� ≠ 
�], ℱ�� for every �\ ≠  ]� \, ] ∈ 
M �W�ℱ� . From the results of case 2, 

lower fuzzy set about 
ℱ�  is a strongly convex fuzzy set and from the hypothesis, upper fuzzy set about 
ℱ�  is 
a strongly convex fuzzy set. 

Theorem 8: Let 
ℱ� ∈ STU�ℛ� be a generalized semistrongly convex fuzzy set. If 
M �XI,XJ�ℱ�  is closed for 

every ��', �)� ∈ ��W'� × ��W'�, then 
ℱ�  is a generalized convex fuzzy set on ℛ. 

Proof: For every \, ] ∈ 
M �W�ℱ�  we have four cases: 

Case 1.If 
�ℱ�, \ ≠ 
�ℱ�, ] , 
�\, ℱ�� ≠ 
�], ℱ��, then the proof is trivial. 

Case 2. If 
�ℱ�, \ = 
�ℱ�, ] and 
�\, ℱ� = 
�], ℱ��. Assume that, there exists v ∈ ��W'� such that for v\ +
�1 − v�] = ∆ 


�∆�ℱ� < Q
�ℱ�, \ ⋀
�ℱ�, ] , 
�\, ℱ��⋀
�], ℱ��R 
= Q
�ℱ�, \ , 
�\, ℱ��R 
= Q
�ℱ�, ] , 
�], ℱ��R 

This implies that, for any u ∈ ��W'� 

�xZM�'Nx�∆�ℱ� > Q
�ℱ�, \ ⋀
�ℱ�, ∆ , 
�\, ℱ� ⋀
�∆, ℱ� R 

= Q
�ℱ�, ∆ , 
�∆, ℱ��R 
Since 
ℱ�  is a generalized closed fuzzy set, there existso ∈ ��W'� such that for o\ + �1 − o�∆= y, 

Q
�ℱ�, ∆ , 
�∆, ℱ��R < 
�z�ℱ� < Q
�ℱ�, ] , 
�], ℱ��R 
From this inequality and the semistrong convexity of 
ℱ� . Let ∆= {y + �1 − {�] for some { ∈ ��W'�, we get 


�∆�ℱ� > Q
�ℱ�, y ⋀
�ℱ�, ] , 
�y, ℱ� ⋀
�], ℱ� R > 
�z�ℱ�  

Case 3.If 
�ℱ�, \ = 
�ℱ�, ] , 
�\, ℱ�� ≠ 
�], ℱ��. From the argument of case two, lower fuzzy set about 
ℱ�  

is a convex fuzzy set and from the hypothesis of the theorem, upper fuzzy set about 
ℱ�  is also a convex 
fuzzy set. 

Case 4.If 
�ℱ�, \ ≠ 
�ℱ�, ] , 
�\, ℱ� = 
�], ℱ��. From the hypothesis, lower fuzzy set about 
ℱ�  is a convex 

fuzzy set and from the results of case two, upper fuzzy set about 
ℱ�  is also a convex fuzzy set. 

Theorem 9: Let 
ℱ� ∈ STU�ℛ� and 
M �XI,XJ�ℱ�  is closed for every ��', �)� ∈ ��W'� × ��W'�. If there exists 
 ∈ ��W'� 
for every \, ] ∈ 
M �W�ℱ� , 
�ℱ�, \ ≠ 
�ℱ�, ] , 
�\, ℱ�� ≠ 
�], ℱ�� implies that 


�YZM�'NY�[�ℱ� > Q
�ℱ�, \ ⋀
�ℱ�, ] , 
�\, ℱ��⋀
�], ℱ��R, 
then
ℱ�  is a generalized convex fuzzy set on ℛ. 

Proof: Assume that, there exist l, � ∈ 
M �W�ℱ�  and | ∈ ��W'� for which  


�}mM�'N}�X�ℱ� < Q
�ℱ�, l ⋀
�ℱ�, � , 
�l, ℱ��⋀
��, ℱ��R 
In case of 
�ℱ�, l ≠ 
�ℱ�, � , 
�l, ℱ�� ≠ 
��, ℱ�� with the hypothesis we get a contradiction. So that, 


�ℱ�, l = 
�ℱ�, � , 
�l, ℱ� = 
��, ℱ�� implies that 

Q
�ℱ�, |l + �1 − |�� , 
�|l + �1 − |��, ℱ��R < 
�X�ℱ�  

Let �u, ~� ∈ ��W.�'� × ��WW.�� such that � = ul + ~� and � = ~l + u� where u = �1 + 
�N'and ~ = 
�1 +

�N'. Implies that 
� + �1 − 
�l = �and 
� + �1 − 
�� = �. Then 
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Q
�ℱ�, 
� + �1 − 
�l , 
�
� + �1 − 
�l, ℱ� R > 
���ℱ� ∧ 
�m�ℱ�  

= 
�Y�M�'NY�X�ℱ� ∧ 
�m�ℱ�  

> 
���ℱ� ∧ 
�X�ℱ� ∧ 
�m�ℱ�  

= 
�Y�M�'NY�m�ℱ� ∧ 
�X�ℱ�  

= 
�Y�M�'NY�m�ℱ� ∧ 
�m�ℱ�  

> 
�Y�M�'NY�m�ℱ� ∧ 
�Y�M�'NY�m�ℱ�  

This implies that 
�Y�M�'NY�m�ℱ� > 
�Y�M�'NY�m�ℱ�  a contradiction. 

In case of 
�ℱ�, l ≠ 
�ℱ�, �  and 
�l, ℱ� = 
��, ℱ�� or 
�ℱ�, l = 
�ℱ�, � and 
�l, ℱ�� ≠ 
��, ℱ��. The 

above argument is repeated so it is omitted. 

Theorem 10:If
ℱ� ∈ STU�ℛ�, then 
ℱ�  is generalized strongly convex fuzzy set (resp. generalized 

semistrongly convex fuzzy set) if and only if lower fuzzy set and upper fuzzy set about 
ℱ�  are strongly 
convex fuzzy set (resp. semistrongly convex fuzzy set). 
Proof: The proof follows from the fact that 


�YZM�'NY�[�ℱ� = Q
�ℱ�, 
\ + �1 − 
�] , 
�
\ + �1 − 
�], ℱ� R 
Theorem 11: Let 
ℱ� ∈ STU�ℛ� is generalized strongly convex fuzzy set. If there exists 
 ∈ ��W'� for every 

\, ] ∈ 
M �W�ℱ� , 
�ℱ�, \ ≠ 
�ℱ�, ] , 
�\, ℱ�� ≠ 
�], ℱ�� implies that 


�YZM�'NY�[�ℱ� > Q
�ℱ�, \ ⋀
�ℱ�, ] , 
�\, ℱ��⋀
�], ℱ��R, 
then
ℱ�  is a generalized semistrongly convex fuzzy set on ℛ. 
Proof: It is easy to see that generalized strongly convex fuzzy set is generalized convex fuzzy set. 
So the result follows immediately from the argument of Theorem 10. 
Remark 12: From the relation of l-cut and definition of fuzzy convex set. One can study strong relations 

among generalized strongly convex fuzzy sets, generalized semistrongly convex fuzzy sets, 
M �XI,XJ��� , and 


N �XI,XJ��� . 

Conclusion 
 In this paper, we defineda new version of fuzzy convexity such as generalized convex fuzzy sets, 
generalized strongly convex fuzzy sets, and generalized semistrongly convex fuzzy sets and found some 
important connections among them.Also, the intersection and union operations on them are illustrated and 
examples are given for the validity of the decision. We have demonstrated some conditions for which 
generalized convex fuzzy sets become generalized semistrongly convex fuzzy sets and found a simpler 
condition for vice versa. Furthermore, we declared relations between generalized semistrongly convex fuzzy 
sets and generalized strongly convex fuzzy sets, and some conditions for which generalized fuzzy sets 
become generalized convex fuzzy setsare given.  Finally, we presented relationship between these versions 
of fuzzy convexity withthe lower and upper fuzzy sets.  
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